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ABSTRACT:  

This paper investigates the modern understanding of points and lines in projective space, 

emphasizing algebraic and geometric properties. We explore homogeneous coordinates, the 

incidence relations between points and lines, and their applications in modern geometry and 

computer vision. Diagrams and algebraic formulations enhance clarity and application potential. 
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INTRODUCTION 

Projective geometry has long served as a fundamental framework in mathematics, offering a 

powerful generalization of Euclidean geometry. Unlike Euclidean space, where parallel lines never 

meet, projective space introduces the concept of points at infinity, thereby ensuring that every 

pair of lines intersects at a unique point. This unification of parallelism and intersection lies at the 

heart of projective theory, making it a foundational tool not only in pure mathematics but also in 

various applied fields. 

The origin of projective geometry dates back to the 17th century with the works of Girard 

Desargues and Blaise Pascal. Desargues’ theorem laid the groundwork for the projective plane, 

while Pascal’s explorations into conic sections extended the theory’s richness. In the 19th century, 

mathematicians such as Poncelet, Steiner, and Plücker further formalized the subject, especially 

through the use of homogeneous coordinates and the development of algebraic geometry. 

In modern mathematical language, a projective space is defined as the set of equivalence classes 

of non-zero vectors under scalar multiplication. The projective plane 𝑃2, for instance, consists of 

points [𝑥: 𝑦: 𝑧] where (𝑥, 𝑦, 𝑧) ≠ (0,0,0), and [𝑥: 𝑦: 𝑧] = [λ𝑥: λ𝑦: λ𝑧] for any non-zero scalar λ. This 

representation allows for elegant algebraic manipulation and geometric interpretation of points 

and lines, especially their incidence relations. 
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Beyond its theoretical elegance, projective geometry plays a crucial role in contemporary 

applications. In computer vision and image processing, for example, projective transformations 

model the way cameras capture 3𝐷 scenes on a 2𝐷 image plane. Homographies, epipolar 

geometry, and camera calibration techniques are all grounded in projective principles. 

This paper aims to present a modern approach to understanding the relationships between points 

and lines in projective space, emphasizing their mathematical formulation, dualities, and real-

world implications. By leveraging algebraic tools such as the cross product and employing visual 

diagrams, we aim to bridge classical theory with contemporary mathematical practice. 

METHODS  

In this section, we explore the mathematical framework used to model points and lines in 

projective space, focusing on homogeneous coordinates, incidence conditions, and algebraic 

constructions such as the cross product. These tools form the foundation for modern applications 

of projective geometry. 

Homogeneous coordinates and projective space 

To represent geometric objects in projective space, we use homogeneous coordinates. 𝐴 point 𝑃 

in the projective plane 𝑃2 is written as: 

𝑃 = [𝑥: 𝑦: 𝑧], 

where (𝑥, 𝑦, 𝑧) ∈ 𝑅𝟛 ∖ {(0,0,0)}, and any non-zero scalar multiple λ(𝑥, 𝑦, 𝑧) defines the 

same point. This equivalence relation: 

[𝑥: 𝑦: 𝑧] ∼ [λ𝑥: λ𝑦: λ𝑧],  λ ∈ 𝑅 ∖ {0}, 

allows for the representation of "points at infinity" - a key advantage over Euclidean coordinates. 

Homogeneous coordinates unify affine and infinite geometry in a single framework, simplifying 

the treatment of intersections and incidence relations. They also naturally support linear 

transformations via matrix operations, crucial for modern computational implementations. 

Representation of lines 

A line 𝐿 in the projective plane is defined by the equation: 

𝑎𝑥 +  𝑏𝑦 +  𝑐𝑧 =  0,  

where[𝑎: 𝑏: 𝑐] are the homogeneous coordinates of the line. Just like points, lines are 

considered up to scalar multiplication: 

[𝑎: 𝑏: 𝑐] ∼ [μ𝑎: μ𝑏: μ𝑐],  μ ∈ 𝑅 ∖ {0}. 

A point 𝑃 = [𝑥: 𝑦: 𝑧]  lies on the line 𝐿 = [𝑎: 𝑏: 𝑐] if and only if: 

𝑎 𝑥 +  𝑏 𝑦 +  𝑐 𝑧 =  0. 

This algebraic incidence condition replaces the need for explicit intersection calculations and 

leads to powerful geometric insights through linear algebra. 

Cross product for line and point construction 

A key computational method in projective geometry is the vector cross product, used to find: 

-the line passing through two given points, or 

-the point of intersection of two given lines. 

Let 𝑃1 = [𝑥1: 𝑦1: 𝑧1] 𝑎𝑛𝑑  𝑃2 = [𝑥2: 𝑦2: 𝑧2]  be two distinct points. Then the line 𝐿 through 

both points is given by: 
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L  =  P1  × P2 =   [

 y1 z2  −  z1 y2  
𝑧1 𝑥2  −  𝑥1 𝑧2

 𝑥1 𝑦2  −  𝑦1 𝑥2

]. 

Similarly, for two distinct lines 𝐿1 = [𝑎1: 𝑏1: 𝑐1]  𝑎𝑛𝑑  𝐿2 = [𝑎2: 𝑏2: 𝑐2],  their point of 

intersection 𝑃 is: 

𝑃 = 𝐿1 × 𝐿2. 

This duality reflects the symmetry of projective space, where points and lines are treated with 

equal importance, and operations are reversible under duality. 

 Projective transformations 

Projective geometry is invariant under projective transformations, also called homographies. A 

projective transformation is represented by a non-singular 3 × 3 𝑚𝑎𝑡𝑟𝑖𝑥 𝐻,  acting on points: 

[𝑥′: 𝑦′: 𝑧′] = 𝐻 ⋅ [𝑥: 𝑦: 𝑧], 

where the result is again interpreted up to scale. These transformations preserve incidence and 

cross ratios, and are widely used in computer vision (e.g., image stitching, rectification). 

Implementation and visualization tools 

To visualize and manipulate projective geometric constructions, several computational tools can 

be used: 

-GeoGebra: for dynamic geometric visualization, especially cross products and line intersections. 

-Python (NumPy/Matplotlib): for matrix operations and plotting in 𝑃2. 

-MATLAB: for symbolic and numerical computation with transformation matrices. 

-SageMath: for algebraic geometry simulations involving projective varieties. 

RESULTS  

This section presents key outcomes from the mathematical modeling and geometric 

constructions discussed earlier. Using the algebraic structure of projective space, we validate core 

theorems of projective geometry, demonstrate line-point incidences, and illustrate duality with 

visual and computational examples. 

Point-line incidence validation 

We begin by validating the incidence condition using concrete examples. Consider the point 𝑃 =

[2: −1: 3] 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒  𝐿 = [4: 2: −10].  To check if 𝑃 ∈ 𝐿, we compute: 

4(2) + 2(−1) + (−10)(3) = 8 − 2 − 30 = −24 ≠ 0. 

Thus, the point 𝑃  does not lie on the line 𝐿. 

Now consider another line 𝐿′ = [3: −1: 3]. 𝑇ℎ𝑒𝑛: 

3(2) + (−1)(−1) + 3(3) = 6 + 1 + 9 = 16 ≠ 0, 

Still not incident. Finally, for line 𝐿′′ = [1: 1: −1]: 

1(2) + 1(−1) + (−1)(3) = 2 − 1 − 3 = −2 ≠ 0. 

We conclude that none of the selected lines intersect point PPP. This process validates how 

incidence relations are purely algebraic and easily computable in projective geometry. 

Constructing a line from two points 

Given points: 

𝑃1 = [1: 2: 1],  𝑃2 = [3: −1: 2], 

the line 𝐿 = 𝑃1 × 𝑃2 is computed as: 
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𝐿 = [
𝑖 𝑗 𝑘
1 2 1
3 −1 2

] = 𝑖(2 ⋅ 2 − 1 ⋅ (−1)) − 𝑗(1 ⋅ 2 − 1 ⋅ 3) + 𝑘(1 ⋅ (−1) − 2 ⋅ 3)

= 𝑖(4 + 1) − 𝑗(2 − 3) + 𝑘(−1 − 6) = 𝑖(5) − 𝑗(−1) + 𝑘(−7). 

Hence, 

𝐿 = [5: 1: −7]. 

This line contains both 𝑃1 𝑎𝑛𝑑 𝑃2, and any third point on this line can be found by plugging into 

the line equation 5𝑥 +  𝑦 −  7𝑧 =  0. 

Constructing a point from two lines 

Let us now consider two lines: 

𝐿1 = [2: −1: 4],  𝐿2 = [−3: 5: 1], 

and find their intersection point 𝑃 = 𝐿1 × 𝐿2: 

𝑃 = [
𝑖 𝑗 𝑘
2 −1 4

−3 5 1
] 

𝑃 = 𝑖((−1)(1) − 4(5)) − 𝑗(2 ⋅ 1 − 4 ⋅ (−3)) + 𝑘(2 ⋅ 5 − (−1) ⋅ (−3))

= 𝑖(−1 − 20) − 𝑗(2 + 12) + 𝑘(10 − 3) = 𝑖(−21) − 𝑗(14) + 𝑘(7). 

𝑃 = [−21: −14: 7] ∼ [3: 2: −1], 

after normalization by dividing through by −7. 

Duality in action 

The point-line duality in projective geometry can be observed when any theorem regarding points 

and lines has a dual version by interchanging these concepts. For example: 

-Theorem (point perspective): Three lines intersect at a common point (concurrent). 

-Dual (line perspective): Three points lie on a common line (collinear). 

Both versions are equally valid in projective space, highlighting the inherent symmetry of the 

system. Such duality is utilized in proving theorems such as Desargues’ and Pappus’ using dual 

diagrams. 

Computational visualization 

Using Python (Matplotlib + NumPy), we visualized: 

✓ The intersection of multiple projective lines, 
✓ The transformation of conic sections under projective mappings, 
✓ A projective grid before and after applying a homography matrix HHH. 
These visualizations confirm the algebraic results and offer intuitive insight into behavior at 

infinity — where parallel lines intersect in projective space. 

DISCUSSION 

Projective geometry remains central in both theoretical and applied mathematics. The elegant 

structure of projective spaces transcends the bounds of Euclidean geometry, offering a more 

generalized view of geometric relationships. This is particularly important when dealing with 

phenomena that cannot be explained by traditional Euclidean methods, such as the behavior of 

light rays in optics, the analysis of computer vision models, and in the projection of 3𝐷 objects 

onto 2𝐷 screens in computer graphics. 
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The application of homogeneous coordinates not only simplifies calculations but also allows us to 

represent points at infinity, which are crucial in understanding the behavior of lines and curves in 

projective space. In computer vision, for example, homogeneous coordinates enable the 

transformation of 3𝐷 objects to 2𝐷 images, allowing for efficient modeling of perspective and 

depth. 

Tools like MATLAB and GeoGebra offer users the ability to experiment with projective 

transformations in real-time, further bridging the gap between theory and practice. Through 

dynamic visualizations, users can observe the effects of projective mappings on geometric 

configurations, from the simplest point-line relations to more complex mappings such as conics 

and quadrics. 

CONCLUSION 

This study highlights the continuing relevance of projective geometry in various fields, from 

foundational mathematics to modern computational applications. The key concepts of incidence 

relations and the use of homogeneous coordinates offer a powerful framework for 

understanding and solving geometric problems. The development of software tools has made 

these concepts more accessible, enabling both theoretical exploration and practical 

implementation. 

The study also suggests that projective geometry’s reach extends beyond traditional boundaries, 

influencing fields such as art, robotics, and machine learning. Future developments in computer 

vision and other computational disciplines will likely continue to draw on the principles 

established in projective geometry, underscoring its enduring importance in the advancement of 

technology and understanding. 
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